The shift of resonant frequency is the sensing mechanism for a mechanical resonator. The adsorbate mass, position and induced force are the three dominant things responsible for the resonant frequency shifts of a string resonator. In the application of a resonator sensor, the (shifts of) resonant frequencies are the measured quantities and therefore, an inverse problem arises naturally: How to determine the adsorbate mass, position and induced force by the resonant frequencies? An inverse problem solving method on the string resonator with one adsorbate is presented and its accuracy is demonstrated. How the method can be used in a real string sensor application scenario is also discussed.
Introduction
Because of the high mass sensitivity and frequency stability, micro/nanomechanical resonator [1] is suitable for detecting tiny mass. One important technical parameter for evaluating the micro/nanomechanical resonator performance, which is also a major driving force for its development, is the minimum detectable mass [5] . The ultimate goal is to resolve a single quantum of a measured quantity [6] . With the enormous efforts on both the device fabrication and readout technologies, in 2012, a carbon nanotube based nanomechanical resonator achieved the mass resolution of less than one yocotogram (1 yg = 10 −24 g) [7] . The nanomechanical resonator with the one yocotogram resolution is capable of chemical and even isotopic identification [8] because the mass of a proton is around 1.65 yg. The ultimate mass resolution limit of a nanomechanical resonator is imposed by the thermomechanical fluctuations, which is proven to be well below a yocotogram [1] . Many advantages of the mass sensing based on nanomechanical resonator over mass spectrometry have been demonstrated [9] [10] [11] . Mass spectrometry has been an essential tool in proteomics for the rapid and quantitative analysis of cellular systems [12] and protein identification [13, 14] . Because mass spectrometry measures the mass-to-charge and charges, the ionization or acceleration stage in a chamber may damage or even destroy the fragile analytes such as biological macromolecules or proteins [15, 16] . In comparison, the working mechanism of a micro/nanomechanical resonator is the shifts of resonant frequencies (eigenfrequencies) due to an accretion, which allows it to work with neutral species [9, 10] . Micro/nanomechanical resonator has been providing a rapid, high-throughput and label-free detection of biological and chemical molecules [17] .
When an analyte is adsorbed, a mechanical resonator generally experiences three changes in mass, stiffness and damping [18, 19] , which all lead to the shifts of resonant frequencies. Damping indicates the energy dissipation of a resonator and it is a known parameter because it can be experimentally determined from the frequency response curve [19, 20] . The reason for the mass change is obvious. However, the adsorbate position also plays an important role together with its mass in the shifts of resonant frequencies [9] [10] [11] 17] . In the application of nanomechanical resonator, detecting the adsorbate position is extremely difficult or even impossible when an adsorbate is as small as a protein [9, 10] , a molecule [7, 17] and an atom [8, 11] . The stiffness change due to adsorption can result from many sources, for example, surface stress [19, 21] , the adsorbate stiffness [22] [23] [24] , the stress variation [3, [25] [26] [27] , the alloy formation [28, 29] , swelling [30] and polymer chains interpenetrated by small adsorbate molecules [31] , etc. In one word, a lot of things can occur with adsorption, which is the very reason making the interpretation on adsorption "notoriously difficult" [7] . In logics terms, the changes of mass, stiffness and damping are the causes and the shifts of resonant frequencies are the effects. In the forward problem of a mechanical resonator, once those parameters concerning the causes are given, the effects of the resonant frequency shifts are uniquely determined [19, 24] . However, in the real application of mechanical resonator, the resonant frequencies and their shifts are the measured quantities. Therefore, solving the inverse problem, i.e., how to link the effects to the causes, is "the most important problem" [15] in the mechanical resonator applications [7, [9] [10] [11] 21] . When the number of the parameters concerning the causes is two or larger, there are infinite combinations of these parameters which can result in the same shift of one resonant frequency [19, 24] . To extract each one of the parameters from the resonant frequencies, which are dependent on those convolved parameters, is key to the nanomechanical resonator application [9, 10] . When the number of (unknown) parameters is one, the (shift of) resonant frequency has the one-to-one relation with the parameter. By assuming an adsorbate at the center or the free end of a carbon nanotube [32, 33] and a carbon nanocone [34] , the only unknown parameter of the adsorbate mass is uniquely determined as a monotonic function of the resonant frequency. Kehrbusch et al. [35] fabricated the vertically aligned silicon resonator and as a result, adsorbates can only land on the top of the column. When both position and mass of an adsorbate are unknown, two or more resonant frequencies are needed to identify the two parameters [9, 10, 26, 36, 37] . Even for this two-parameter case, solving the inverse problem is not an easy task: complex statistics [9, 10] , algorithm [36] and graphic solution [26, 37] methods are used. In this study, one more parameter is added: the adsorbate-induced stress. There are various mechanisms causing the stress variation inside a nanomechanical resonator. For example, the resonator built-in tensile stress can be relieved by adsorbate absorbing light (photothermal effect) [3] , distorting lattice [25, 26] and hydroxylation [27] , etc. Sometimes the force or stress variation even dominates the shifts of resonant frequencies, which has been used as the sensing mechanism for hydrogen [25] and various ions [27] . In this study, a generalized method of solving the inverse problem is presented for a string resonator. In the previous studies [4, [7] [8] [9] [10] [11] 26, 36] , the mechanical resonators are for mass sensing only. By incorporating the adsorbate-induced force in the model, the force sensing function is added. Also, in previous studies, damping is explicitly or implicitly ignored for simplicity reason. Higher accuracy can be achieved by including damping in the model. With the presence of damping, finding the resonant frequencies (eigenfrequencies) is not an easy task because those eigenfrequencies are complex numbers and special mathematical manipulation is needed to solve the eigenvalue problem. A much simpler approximate analytical solution to the eigenfrequencies is thus derived and its accuracy is also demonstrated. The inverse solving method presented in this study should be some help for the string resonator sensor to have a better characterization on the effects of an adsorbate.
For a hinged-hinged beam under an axial load, its nth (angular) eigenfrequency, f n , is given as follows [38] 
where L, A and I are the beam length, cross-section area and moment of inertia, respectively. E is the beam effective Young's modulus and T is the axial load. When the axial load is tensile (T > 0) and TL 2 /(n ) 2 EI 1, the above equation can be written as the following:
where = T/A is the tensile stress. Eq. (2) is the nth eigenfrequency of a string. Wei et al. [39] observed that when TL 2 /EI > 2000, a carbon nanotube vibrates as a string rather than a beam; Unterreithmeier et al. [40] also found that when > 100 MPa, the stretching energy of a silicon nitride nanowire is dominant and the bending energy becomes negligible, which means the string behavior dominates. Many one-dimensional mechanical resonators are modeled as a string because of the presence of large tension [3, 4, 8, 25] . The above two equations essentially say one thing: when tension is large, a beam behaves like a string. However, from the perspective of a mechanical resonator, there is more to tell. As seen in the Eq. (1), the presence of tension increases resonant frequencies, which is helpful to the resonator sensitivity [15, 26] . A micro/nanomechanical resonator can take much larger tensile stress without failure than a macroscopic one. For example, the silicon nitride nanowire in the experiments is under the tensile stress of 830 MPa [40] and 1.4 GPa [41] , respectively. Tension is also an important mechanism to tune the resonant frequency, which is crucial for the resonator application [42] . Small damping, or say, large quality factor, is a much sought-after property in a mechanical resonator [40, 41, 43, 44] , which is a key factor of determining the sensitivity [26] . Recently, the quality factor with the record high value of five million was achieved in a carbon nanotube mechanical resonator [43] . Tensile stress can significantly enhance the quality factor of a mechanical resonator [26, 40, 41, 43, 44] . One possible mechanism is that increasing tension may enlarge the acoustic mismatch between the string resonator and support; as a result, the energy dissipation due to clamping loss is mitigated [41] . High tensile stress also leads to high mechanical stability [40] . Slack may occur in a suspended one-dimensional mechanical resonator [45] and it can induce nonplanar motion, i.e., whirling [46] or the socalled jump-rope mode [47] , which makes the analysis extremely difficult. Exerting tension is an effective way of eliminating slack. Compared with a string resonator, there are two more quantities for a beam resonator: E and I, which sometimes can be extremely difficult to be characterized for a micro/nanomechanical resonator. Because of its small size, the mechanical properties (including E) of a micro/nanoresonator are prone to the microstructure defect, grain morphology, impurities [2, 44] , surface [48] and nonlocality [49] effects, etc. Furthermore, a micro/nanomechanical resonator is often coated with some material, which makes the resonator a composite structure [42] . Because of the smaller size, the coating layer is more sensitive to defects and it is more difficult to characterize its thickness (in order to get I). The residual stress inside the coating layer [42] , which also plays an important role in the stiffness of the composite structure, makes the characterization further difficult. Because of the device-to-device variations, it is not uncommon that for some nanomechanical sensors, the reproducible results cannot be obtained [16] . By exerting high tension, not only a resonator can achieve a better performance but also we don't have to characterize some parameters which are among the most difficult ones to be measured.
Model development
Fig. 1(a) is the schematic of an adsorbate on a carbon nanotube (CNT)-based resonator with the length of L. When a resonator is under a large tension, the following string model applies [4] [
where m = A is the resonator mass per unit length; w is the string transverse displacement; c is the damping; M o and x o are the mass and position of the adsorbate, which is modeled as a concentrated mass by the Dirac delta function of ı [50, 51] because its size is (very) small compared with that of the resonator. T is the tension and T is the corresponding variation due to the adsorbate. By introducing = x/L, = T/(mL 2 )t and W = w/L [20] , Eq. (3) is nondimensionalized as follows:
where the dimensionless parameters ˛, ˇ, o and C are defined as the following
Physically, ˛ is the mass ratio of the adsorbate to the resonator and ˛ ≥ 0; ˇ is the variation ratio of tension and ˇ can be either positive or negative or zero. Here positive ˇ means that the tension is enhanced and negative ˇ means that the tension is reduced.
o = x o /L is the dimensionless adsorbate location. C is the dimensionless damping; and from the above definition, it is not hard for us to derive the following relation of C = /Q, where Q is the quality factor (of the string first mode).
Here the Galerkin method is applied for the eigenfrequency computation, which assumes the following form for W( , ) [50] 
where N is the mode number and a j ( ) is the unknown jth modal amplitude. j ( ) is the jth mode of a string, which corresponds to
The first three mode shapes are presented in Fig. 1(b) . The purpose of introducing the factor of √ 2 is to have the following orthonormal relation
where ı ij the Kronecker delta function. Now substitute Eq. (6) into Eq. (4), time i ( ) and integrate from 0 to 1, the following governing equations are derived
Here( ) = ∂ ∂ and q is the vector defined as q = (a 1 , a 2 , . . ., a N ) T . M, D and K are the N × N matrices of mass, damping and stiffness, respectively, which are derived as the following by using both the orthonormality property of j ( ) and the integration property of the Dirac function [50, 51] 
Because Eq. (8) is a damped nongyroscopic system, it needs to be rewritten as the following form to formulate an eigenvalue problem [52] 
where v = (q, q) is a 2N vector; M * and K * are the 2N × 2N matrices defined as follows [52] 
By letting v( ) = e iω V, Eq. (10) formulates a standard eigenvalue problem of AV = iωV with A = −(M * ) −1 K * [52] . Because of the presence of damping, the eigenvalue of ω is a complex variable of ω = R + iI. The real part (R) is the eigenfrequency and the imaginary part (I) indicates the stability of the system [53] . When an adsorbate is not located at the ends or nodes (i.e., sin(j o ) = 0), there are off-diagonal elements in the mass matrix as seen in Eq. (9). There is no analytical solution to Eq. (10) and numerically solving the eigenvalue problem of Eq. (10), by any standard, is not an easy task. Here an approximate solution is derived, which is shown to be accurate when ˛ is small [50] and the complexity of solving Eq. (10) can thus be avoided. By assuming W = N j=1
b j e iω ( ) j ( ) (ω = R + iI) and repeating the same procedure of Galerkin method above, the following equation is derived
where G is a N × N complex matrix given as G ij = G 
To have nontrivial solution of B, the determinants of both real part G 
R and I are thus analytically obtained as the following (15) as the adsorbate moves from one end to the other. In Fig. 2 , ˛ = 10 −2 , ˇ = −10 −2 and C = 10 −3 are set. The variations of the three eigenfrequencies correspond to their mode shapes as plotted in Fig. 1(b) . In Figs. 1(b) and 2, the antinodes, where the modal displacements are maximum, are marked with the solid triangles; the nodes, where the modal displacements are zero, are marked with the solid circles. The effect of the adsorbate mass maximizes at the antinodes, which leads to the minimum eigenfrequencies. On the other hand, the effect of the adsorbate mass becomes zero at the nodes, the eigenfrequencies are the maximum and equal to those at the ends. The computation differences between Eqs. (10) and (15) maximize at the antinodes. The corresponding maximum computation differences of the first, second and third eigenfrequencies are 0.0024%, 0.0056% and 0.0321%, respectively. When the adsorbate mass (˛) is small (which is often the case in the resonator applications), the off-diagonal elements of the mass matrix have little impact on the eigenfrequency computation and Eq. (15) is thus accurate. Compared with Eqs. (10) and (15) is an approximate analytical solution capable of providing the straightforward and fast computation on the eigenfrequencies, which is important for the real-time mass spectrometry application [4] .
Results and discussion
We present two cases on how to use Eqs. (10) and (15) to solve the inverse problem. In the forward (direct) problem, for Eq. (10) or Eq. (15) to work, ˛, o , ˇ and C must be supplied. The damping, C, can be found by the so-called half-power method from the experimentally measured frequency response curve [19, 20] . However, in the real application of a resonator sensor, resonant frequencies are the measured quantities; ˛, o and ˇ are the unknowns to be determined. In the first case, ˛ = 10 −2 , o = 0.4, = −10 −2 and C = 10 −3 are set. Once these parameters are given, the (exact) first three eigenfrequencies are uniquely determined by Eq. (10) as the following
Because of the presence of mass, damping and negative ˇ, which relieves tension [25, 27] 
In a real application, the above R j s are the (known) measured quantities. In order to present a graphic illustration on how the inverse problem is solved, for the time being, we assume that ˇ = −10 −2 is a known quantity. Now there are only two unknowns: ˛ and o . Fig. 3(a) presents the variation of the first resonant frequency (R 1 ) as the function of ˛ and o . Here ˛ varies from 0 to 0.02; o varies from 0 to 0.5. As seen in Fig. 2 , because of the symmetry of the structure, the adsorbate mass induces the same eigenfrequency variation at o and 1 − o . Therefore, we only search the adsorbate location in 0 ≤ ≤ 0.5. The really useful quantities in a resonator sensor measurement are the adsorbate mass and induced force, not its location. In this case, it does not matter whether the adsorbate locates at o or 1 − o because it has no impact on the measurement of ˛ and ˇ. The level plane is the one with R 1 = 3.09783. The intersection of the two planes are marked with a solid line. Physically, this solid line means that there are infinite combinations of ˛ and o resulting the same first resonant frequency of R 1 = 3.09783. Fig. 3(b) presents the variation of the second resonant frequency (R 2 ) as the function of ˛ and o . The level plane is the one with R 2 = 6.23047. Again, the intersection of the two planes is the infinite combinations of ˛ and o resulting the same second resonant frequency of R 2 = 6.23047, which is marked a dashed line. In contrast, once ˛, o , ˇ and C are given, each eigenfrequency (R j ) is uniquely determined by Eq. (10) as a forward problem. When these two curves obtained in Fig. 3(a) and (b) are projected into the o − ˛ plane, they intersect and in Fig. 3(c) the intersection point is marked as a circle, which is exactly (˛, o )=(10 −2 , 0.4). Physically, the reason for the two curves to intersect is the following mechanism:˛ and o have different impacts on different resonant frequencies; different resonant frequency responds differently to the given ˛ and o . The similar physical mechanism also helps to solve a different type of inverse problem [54] , in which surface stress and surface elasticity are the two unknowns.
Mathematically, as seen in the mass matrix of Eq. (9), ˛ is a coefficient and o is embedded in the mode shape of sine function.
In fact, Eq. (10) has the function form of F(R j , ˛, o , ˇ, C) = 0. In the forward problem, ˛, o , ˇ and C are supplied to compute the eigenfrequency of R j . In the above inverse problem, R j , ˇ and C are known, the only two unknowns are ˛ and o . The above graphic illustration on the inverse problem solving procedure presented in Fig. 3 can be succinctly summarized as solving the following two nonlinear equations
Eq. (19) provides two (nonlinear) equations to solve the two unknowns of ˛ and o . When the Newton-Raphson method [55] is applied, the exact solution of (˛, o )=(10 −2 , 0.4) is obtained. In general, ˇ is also unknown and there are three unknowns in total, which requires three equations to be solved. The third equation can be provided by measuring the third eigenfrequency of R 3 , which is presented as follows
Now Eq. (20) 
The following three equations can now be presented for solving the inverse problem
The Newton-Raphson method yields the solution of (˛, o , ˇ)= (1.014 × 10 −2 , 0.4000062, −9.8265 × 10 −3 ). Compared with the exact solution of (˛, o , ˇ)=(10 −2 , 0.4, −10 −2 ), the corresponding errors of ˛, o and ˇ are 1.4%, 0.0154% and 1.7344%, respectively. The error mainly results from the approximation of Eq. (15) by eliminating the off-diagonal elements.
In the above examples, the exact "measured" resonant frequencies of Eq. (17) are used as the inputs to solve the inverse problem. In a real application, the measurement error is inevitable and a study on the robustness of the method is thus necessary. Suppose that we have the following (arbitrary) "measured" eigenfrequencies with errors:
Compared with Eq. (17), the variations of the eigenfrequencies are tiny. Here we need to emphasize two things: (1) Since the mass (˛) and tension variation (ˇ) are very small, the corresponding dimensionless eigenfrequency variations are tiny. (2) Again, the eigenfrequencies in Eqs. (17) and (22) are dimensionless. As also discussed later, the micro/nanomechanical resonators are with very high resonant frequencies and those tiny shifts of the above dimensionless eigenfrequencies correspond to very large physical shifts. In one word, Eq. (22) 
Eq. (24) gives the result of (˛, o , ˇ)=(1.107 × 10 −2 , 0.39381, −9.59257 × 10 −3 ). Compared with the exact result of (˛, o , )=(10 −2 , 0.4, −10 −2 ), the errors are 10.7%, 4.0749% and −1.5485%, respectively. Clearly, the mass of ˛ is significantly overestimated and the tension variation of ˇ is slightly underestimated. The reason is that the measured first two eigenfrequencies are 4.32% and 7.14% smaller, respectively; a larger mass and a smaller tension reduction is a natural compensating mechanism for smaller "measured" eigenfrequencies. In the experimental measurement of eigenfrequencies, there are three scenarios: (1) all measured eigenfrequencies are larger (than the exact ones); (2) all measured eigenfrequencies are smaller; (3) some measured eigenfrequencies are larger and the others are smaller. For the first two scenarios, the errors of the results (i.e., ˛, o and ˇ) as obtained by Eq. (15) are roughly proportional to the input errors. For the third scenario, the result errors can fluctuate significantly with the input ones. Several computational examples, which include all three scenarios, were conducted and none of the result errors were found to blow up. It seems that Eq. (15) provides a robust method of solving the inverse problem as the measurement errors vary.
The following two features of Schmid's inverse problem solving method [4] are noticed: (1) in their model, there are no effects of both damping and tension variation (i.e. C = ˇ = 0, which physically means that only the mass effect is accounted); (2) their method cannot work when ˛ < 8.4 × 10 −3 or o < 0.2. In comparison, both Eqs. (10) and (15) include the damping and tension variation effects, which, besides the force sensing, provides a more accurate mass sensing. The second case is presented here to show that our inverse problem solving method has no problem of dealing with the scenarios of small adsorbate mass and its location close to the ends. In the second case, ˛ = 10 −3 , o = 0.1, ˇ = −10 −3 and C = 10 −3 are set. The corresponding first three eigenfrequencies are now uniquely computed by Eq. (10) as the following
Compared with the first case, as ˛ is smaller and o is closer to the end, the effect of adsorbate mass reduces significantly. Together with a smaller ˇ, there are only tiny decrease of these three eigenfrequencies compared with R o j (R o j = j is the jth eigenfrequency of a string with no damping and adsorbate). With these three newly supplied eigenfrequencies, we repeat the above solution procedure and the following three equations are obtained
The three unknowns solved from the above equations are now (˛, o , ˇ)=(9.8924 × 10 −4 , 0.10007155, −9.995 × 10 −4 ). Compared with the exact values of (˛, o , ˇ)=(10 −3 , 0.1, −10 −3 ), the corresponding errors of ˛, o and ˇ are −1.0768%, 0.7155% and 0.0492%, respectively. The relative errors of ˛ and ˇ are even smaller than those of the first case.
Because the whole inverse problem solving method is based on the fact that only one adsorbate on the string resonator, we need to address how the method can be used in a real application. The fundamental resonant frequency of a nanomechanical resonator is tens, hundreds of mega-hertz (MHz) or even giga-hertz (GHz) [7, 8, 11, 26] , therefore, the tiny fractional change of resonant frequency due to a tiny adsorbate is still absolutely large enough to be detected [15] . Furthermore, the current read-out technology has been continuously pushing the frequency resolution towards the range of parts-per-billion (ppb) for a nanomechanical resonator [56] . Nowadays, the state-of-art nanomechanical resonator is so sensitive to detect the shifts of resonant frequencies caused by the adsorption event of a molecule [7] or an atom [8, 11] . The step-wise decreases of resonant frequencies measured in the experiments indicate the discrete nature of the molecules or atoms landing on the resonator surface one by one or cluster by cluster [7, 8, 11] . In the mass sensing tests of a nanomechanical resonator, there are tens, hundreds or even thousands adsorption events [7] [8] [9] [10] [11] . However, the total mass of the previously adsorbed analytes is very small compared with that of the resonator [26] ; the incoming analyte is the dominant factor for the step-wise decrease of resonant frequencies as observed in the above experiments, which is the exact scenario for our method to apply.
Conclusion
The inverse problem of using the eigenfrequencies to determine the adsorbate mass, position and induced force is formulated and solved. By eliminating the off-diagonal elements in the mass matrix, an approximate analytical formula on the string resonant frequencies is derived, which is of great help to attacking the inverse problem. There are infinite combinations of the adsorbate mass, position and induced force which can result in the same shift of one resonant frequency. However, the three unknown parameters are uniquely determined by three resonant frequencies. Mathematically, three nonlinear equations are required to solve the inverse problem. Physically, the inverse problem can be solved because the three parameters impact on one resonant frequency differently and the shifts of different resonant frequencies are different to one another. Compared with the previous studies, the adsorbate-induced force and damping are included in the model, which causes some complexity on solving the inverse problem but provides a more accurate characterization on the effects induced by an adsorbate.
